Let R be a (nonzero commutative unital) ring. If I and J are ideals of R such that R/I ⊕ R/J is a cyclic R-module, then I + J = R. The rings R such that R/I ⊕ R/J is a cyclic R-module for all distinct nonzero proper ideals I and J of R are the following three types of principal ideal rings: fields, rings isomorphic to K × L for the fields K and L, and special principal ideal rings (R,M) such that M 2 = 0.
Results
Propositions 2.1 and 2.3 are essentially known; their simple proofs are included for the sake of completeness. Recall that if E is an R-module, then the annihilator of E is (0 : R E) := {r ∈ R | rx = 0 for all x ∈ E}. The method of proof of Proposition 2.1 leads to the next result, which seems not to have been explicitly recorded earlier.
Proposition 2.2. If I and J are ideals of a ring R such that R/I ⊕ R/J is a cyclic R-module, then R/I ⊕ R/J ∼ = R/(I ∩ J).
Proof. By hypothesis, R/I ⊕ R/J is isomorphic as an R-module to R/A for some ideal A of R. As isomorphic R-modules have the same annihilator, we have A = (0 : R R/I ⊕ R/J) = I ∩ J, and the assertion follows.
In view of Proposition 2.2, one could restate the results given below in the style of the Chinese remainder theorem by replacing certain cyclic modules by the corresponding expressions of the form R/(I ∩ J). In particular, the next result is essentially known; one needs only to combine Proposition 2.2 with the case A = R of the result of Anderson [1, Proposition 1(3)] that a finitely generated R-module A satisfies the CC1 property (which is defined in [1] ) if (and only if) (0 : R A) is contained in the Jacobson radical of R. Proof. We offer two proofs, the first via tensor products and the second via exterior powers.
The first proof is inspired by that of [ 
is a two-dimensional vector space over F, while
is a one-dimensional vector space over F, the desired contradiction.
David E. Dobbs 3 For the second proof of Proposition 2.3, note (once again by Proposition 2.2) that R/I ⊕ R/J ∼ = R/(I ∩ J). Applying the second exterior power functor, we have that
Therefore, R/(I + J) = 0, whence I + J = R, thus completing the second proof.
The next result gives one sense in which it is rare that a direct sum of cyclic modules is itself cyclic. Recall from [3] that a ring R is called a principal ideal ring if each ideal of R is a principal ideal of R; and a special principal ideal ring (SPIR) if, in addition, R is quasilocal and its unique maximal ideal is nilpotent. According to a fundamental structure theorem [3, Theorem 33, page 245], principal ideal rings are the rings that are (isomorphic to) products of finitely many principal ideal domains and finitely many SPIRs. (As usual, "finitely many" includes the possibility of "at most one.") If the maximal ideal of an SPIR has index of nilpotency e(≥ 1), it is convenient to say that R is an SPIR of exponent e. For instance, if X is an indeterminate over a field F and k is a positive integer, then F[X]/(X k ) is an SPIR of exponent k. One may view fields as the SPIRs of exponent 1.
We next present our main result.
Theorem 2.6. Let R be a ring. Then the following conditions are equivalent: (1) R/I ⊕ R/J is a cyclic R-module for all distinct nonzero proper ideals I and J of R; (2) I + J = R for all distinct nonzero proper ideals I and J of R; (3) R is one of the following three types of (principal ideal) rings: (i) fields; (ii) rings isomorphic to K × L, for some fields K and L; and (iii) special principal ideal rings of exponent 2.
Proof. (2) is satisfied vacuously). In case (ii), with R identified as K × L, the only nonzero proper ideals of R are K ⊕ 0 and 0 ⊕ L (and the sum of these two ideals is indeed R, as required in (2)). Finally, to handle case (iii), first recall from [3, page 245 ] that if M is the unique maximal ideal of a special principal ideal ring R of exponent e, then the only ideals of R are the ideals M i , for i = 0,1,...,e. In particular, in case (iii), e = 2, and so M is the only nonzero proper ideal of R (whence (2) is satisfied vacuously).
(2)⇒(3). Assume that (2) holds. Without loss of generality, R is not a field. Hence, each maximal ideal of R is nonzero. Now, if I ⊆ J are nonzero proper ideals of R, then I + J = J = R, and so it follows from (2) that I = J. Therefore, each nonzero proper ideal of R is a simple R-module (that is, a simple ideal of R) and, hence, a cyclic R-module. It follows that R is a principal ideal ring and that each maximal ideal of R is a simple R-module.
We pause to show that if M is a maximal ideal of R, then R M inherits condition (2) Since R is a principal ideal ring, the fundamental structure theorem allows us to express R as the following internal direct product of rings (which is unique apart from the ordering of the factors):
where n and k are nonnegative integers, D 1 ,...,D n are principal ideal domains (possibly fields), and S 1 ,...,S k are special principal ideal rings of exponent at least 2. We claim that each D i is a field and that each S j has exponent 2. Suppose that the claim fails because some D i is not a field. Choose a (nonzero) maximal ideal N i of D i . Observe that the localization T := (D i ) Ni is isomorphic to the localization of R at the maximal ideal of R induced by N i . (The underlying fact that we are using about localizations is if A and B are rings and P is a prime ideal of A, then the localizations (A × B) P×B and A P are isomorphic as rings.) As we have seen that each localization of R at one of its maximal ideals inherits condition (2), it follows that T satisfies condition (2) . However, T is an integral domain which is not a field, and so we can choose a nonzero nonunit t of T. Then Tt 2 and Tt are distinct nonzero ideals of T whose sum is Tt = T, thus contradicting that T satisfies (2) . This proves that each D i is a field.
We next show that each (S j ,M j ) has exponent 2. Indeed, we see as above that S j inherits condition (2) from R (since S j = (S j ) Mj is isomorphic to the localization of R at the maximal ideal induced by M j ). Therefore, by the final comment in the first paragraph of this part of the proof, M j is a simple S j -module. Since M j is the only maximal
